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AMtract--The problem of the budworm destroying the balsam firs in Canada has been previously 
modelled as a reaction diffusion equation in two space variables where the non-linear term is in 
logistic form. The present paper is devoted to determining the critical size of a square patch, say 
I*, such that for I < I* and any initial condition the budworm population u(x,y ;  t)--,O as t --* :~. 
The value of I* depends on the boundary conditions and a variety of these including the most lethal 
is considered. 
1. INTRODUCTION 
The spruce budworm is a defoliating insect whose host is the balsam fir of New Brunswick, 
Canada. Ludwig et al. [1] modelled a spatially uniform budworm population by using a 
scaled ordinary differential equation containing parameters which describe the foliage 
density and the interaction between the budworm and its predator. The number and 
location of the steady states depends on these parameters. Spatial effects of a dispersing 
population are considered by Ludwig et al. [2] by the addition of a diffusion term to the 
equation studied. They obtained the critical size of a patch which is capable of supporting 
a low endemic or outbreak steady state in an infinite strip. Greenbank et al. [3] studied 
the wind patterns over New Brunswick. Recently Murray and Sperb [4] considered this 
problem for a general region. 
This paper is devoted to the two-dimensional problem under the assumption that the 
region is a square. The results and the technique used however can be generalized to more 
general regions. 
In Section 2, we consider the linear problem with an inhospitable xterior, and 
prove that the critical size of the patch is q/2g. In Section 3 a logistic model is studied 
and in Section 4 the dependence of the critical patch size on the exterior conditions is 
discussed. In Section 5 we consider the model with the interaction between the budworm 
and its predator and give the critical patch size which is capable ofsupporting a low 
endemic or large outbreak state. In Section 6, we study the width of a barrier required 
to present he spreading of the outbreak. 
2. THE LINEAR PROBLEM 
Let xj and x 2 be spatial variables, x = (x,, x2) and let t denote the scaled time. We define 
O,={x/lx, l<t/2, Ixzl<t/2}, dQ,={x/lx, l=t/2, 1x21=1/2} 
and 
~2 u ~2 u 
Ox " 
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The scaled linear problem governing the density of the budworm population with lethal 
exterior is 
-~=Au+u,  x~Qt, t>O 
u(x,t)=O, x~dQt, t>~o 
u(x, O) = uo(x), x ~ Q, (1) 
where Uo(X) is the initial budworm density, Uo(X)<~ M. 
By Fourier analysis, we have 
H2T~2 . mn l nn 
u(x,t) = C,... exp 1 l: ~- t sm -7- xl + ~ sin -7- (x,. + l/2) 
ra ,n  ~ 0 
where 
C 4 f f  . mn . mr "" = -fi" J.I Q u0(x) sm --f-- (xl + l/2) sm -7- (x,_ + l /2)dxt dx,.. (2) 
I 
We see from equation (2) that: 
(i) i f l<x/ -~n,  then u(x,t)--*O, as t--.oo. 
(ii) if />  ~/'2n, then there are solutions u(x, t) with arbitrarily small initial 
density which can grow without bound in Q~ as t --* oo. To see this we consider 
the function u(x, t) = EBI. t (x, t), where E is a positive constant and 
B,.1(x,t)=exp 1 l~ ~ t sm~(x ,+ l /2 )  sm-7(x2+l/2). 
Note that EBL,(x, 0) can be made as small as one pleases by choosing E sufficiently 
small. However if ! > x/~n, for any ~ > O, u(x, t) .-* ~ in Q,, as t ---, m. 
We say that l* is the critical size of the patch, if l* is the largest value of l, which implies 
that for all l < I* and u(x, 0), u(x, t)~O, as t - .  m. Physically this means that no refuge 
for the budworm can exist. The previous analysis shows l* = x/~rc. 
Remark 2.1 
For the problem (Ou 
~=DAu+cu,  xeQt,  t>O 
u(x,t)=O, xedQt, t>~O 
u(x, O) = Uo(X), x ~ Q, 
we have 
I*(D, c) = ~ Drc. 
3. THE LOGISTIC MODEL 
In this section we consider the logistic model 
u(x, t) = 0, 
u(x, 0) = u0(x), 
x ~ ~Q,, 
xeQz. 
t>O 
t~>O 
(3) 
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We first look for a positive steady state v(x) satisfying 
f Av+v(1-v )=O,  x~Qt 
v(x ) = O, x ~ dQt. 
Assume 
(4) 
or  
and 
Let 
We define the operators G, F and L as 
L = GF 
G(~', ~)g(~') d~ d~.; 
Fe(~)=e(~) ( l -e (~) ) .  
a(Q,)  = {ely e C(Q,); v = 0 for ~ e eQ, } 
be the Banach space with the null element 0, then L is a compact operator from B(Q t) 
into B(Q t). In this way expression (5) is equivalent to 
Lg = 2g. (6) 
2z7(~) = f fQ,  G(~', ~)g(~')(l - g(~')) d~ d~;. 
{ - : . zxg  = g(1 - g) ,  ~ ~ Q,  
g = O, ~ ~ c3Ql. (5) 
v~ = max v(x). 
xEQI 
By the symmetry of the problem, it can be proved that v=(0)= v(0) and so for x = 0 
~xf "<°' ~x~ "<°' ox~Ox] ~ \Ox, Ox:/.<o. 
Hence 0 < vm ~< 1. Indeed it can be shown that v= < 1, by an argument similar to that used 
in Ludwig et aL [2]. Thus the equilibrium density must be below the carrying capacity 
everywhere. 
Now we consider the critical size of the square patch. Let ~ = (~, ~2) and define 
Q,--{*/I*,I<', =::, 
Let G(~', ~) be the Green's function of the Laplace operator defined on Qt, i.e. 
I 02G(~" ~) O~G(~"~) =,5(~'- ~), ~'~ Q, 
G(~', ~) = 0, ~' ~ 8Q,, 
where 6(z) is the delta function. 
A computation gives 
4 ~ I +~)smnr~(~2+-;)smn~(~-,+21 • , I • G(~" ~)=-~m...-, + m 2 n2Sinmrt(~+~)sinmrc( l . L) 
x = l~, 2 = l ,  tT(~)= v(lx) then equation (4) becomes Let / -  
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If 1" is the critical size of the patch, then 2* may be a bifurcation point separating trivial 
solutions from non-trivial ones. Let L' be the Frechet derivative of L and tr(0t'(0)) the 
spectrum of the operator L'(O), i.e. tr(L'(O)) --- set {2}, where 2 satisfies 
L'(O)w = 2w, w ~ O. (7) 
By Proposition Bt of Appendix B, every such bifurcation point /. etr(L'(O)). 
According to equation (7) and the definition of L, we have 
f w - -Aw = 7 ~ ~ Q, 
w = 0 ~ ~ OQ,. (8) 
After computation, we obtain 
I 
2.,..=m2n: +n~ ~ m,n =1,2 ..... (9) 
The corresponding normalized eigenfunction is 
w~,.,(~) = sin mn(~l + ½) sin nn(~ + ~). (10) 
The condition 2 e a(L'(0)) is only a necessary condition for bifurcation points. However 
wc find that 21: is a simple real eigenvaluc of equation (7). Hence by Appendix B, )-).z is 
a bifurcation point and wc have the following non-trivial solution 
I ~(c) = c(w~: + z(c) )  ;. = )~l.t + ~(c)  
where z(c) and 6(c) are non-trivial continuous one-parameter functions of c. For Icl ~< E, 
with ~ sufficiently small, z(c)~ rangeQ.i.t- L'(0)), z(c)---0(c) and di(c)= 0(c). 
We choose c/>0, since wt.l(~) is positive for ~ EQt and so v(c )>0.  Thus )-t.I is a 
bifurcation point. The problem remaining is to consider whether positive solutions exist 
for 2 > )-L~ or 2 < ,~t.l. We take the scalar product of expression (5) with v to obtain 
Clearly ;t > At. j means tr -- 0. Since 2 = Ill 2, we conclude that 
(i) If I < ~2n,  then problem (4) has only the trivial solution. 
(ii) If I > ,~n,  then problem (4) has positive solutions. 
(iii) In any neighbourhood of (x/2rc, 0), there is (l,v) satisfying problem (4), 
where 1 > v/2n, v > 0. 
In order to deal with the global stability of positive solutions of model (3), we let w (x, t) 
be the solution of problem (1) with Wo(X) = Uo(X), then 
du 2 dw ~ -- Au -- u = --u ~<O=~-- -Aw- -w 
u(x, 0) -- w(x, 0). 
From Proposition A~ we have 
u(x, t) <~ w(x, t) 
and so if 1 < x/~Tt, then for any Uo(X) and x eQt, u(x, t)--*O, as t--. zc, 
If l > x/'2rc, Uo(X) >>, O, Uo(X) ~. O, then by Proposition a,, 
u(x , t )~v(x) ,  as t--. o~ 
where v(x) is the positive solution of problem (4). 
If l = v/2n, the solution u(x, t) is unstable. 
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Remark 3.1 
The above results can be generalized. For instance we consider the following problem 
~=DAu+f I (U) ,  xeQl ,  t>O 
u(x, t) = O, x ~ OQt, t >>. 0 
u(x, O) = Uo(X), x ~ Q, (I 1) 
where ft(u) is continuous in u, f l (O)= O,f;(O)= c > O, then we conclude that 
(i) if l < x/~/c Drc, then problem (11) has only the trivial steady solution and for 
any uo(x) and xeQt ,  u (x , t )~O,  as t---, oo 
and 
(ii) if l>v/2/cDrc,  then problem ( l l )  has a positive steady solution v(x). If 
uo(x) t>0, uo(x)~0,  then u(x, t )~v(x ) ,  as t---, oo, where 
{ OAv+f~(v)=O, x~Q~ 
v = O, x ~ ~Q,.  
4. THE DEPENDENCE OF THE CRIT ICAL PATCH SIZE ON 
EXTERNAL CONDIT IONS 
In the previous sections we determine the critical size of a patch under the assumption 
that survival is impossible outside the patch. However if it is possible to survive outside, 
the critical size will be reduced. Ludwig et al. [2] considered this problem when the region 
is an infinite strip. We consider the following two-dimensional problem 
"Ou i
~.~ ~_ Aui.St. ui( l  -- Ui), X ~ QI, l > 0 
Ou¢ 
-~= DAu,- -pu, ,  x eR2\(QtU~Qt),t >O 
u~ = u¢, x ~ aQt, t >t0 
7n - D ~n = O, x ~ O Q,, t >>. O 
u,(x,  O) = u~(x) ,  x ~ Q~ 
u,(x, O) = u,o(x), x ~ R2\(QIUOQ,). (12) 
where u~ and u¢ denote the values of u(x, t) in the interior and exterior espectively, D and 
p are positive constants. The conditions on t~Qt imply that there is neither a source nor 
a sink on 0Qv 
The corresponding steady problem is 
"Av~+vi(l --v~)=O, x ~Qt 
DAv~ - pv ,  = O, x E RZ\(Qt U~Qt) 
Vi = V~, X E OQt 
~n + D-~n =0, x e O Q~. (13) 
CA MWA 12B 5-6---F 
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Since v,(x) is bounded as xt - - * -  oo, x2 - , -  :c, so 
v,(x)=C exp(N/ -~x ,+x/ -~x: ) ,  for 
Furthermore, we have 
~n dn -- - v~ = -- vi, 
In general, we have 
xl < -1/'2, x,. < -1/2. 
1 l 
for x, = -5 '  Ix. l < 
5" 
~n + vi---- O, x~c~Qt. 
r - - - - ' -  
= JP-~-ff, v = vi, Now let h then 
f v+v( l -v )=O,  x~Qt 
Ov 
~n + hv -= 0, x ~ ~9QI. (14) 
If h = 0, then the exterior is a neutral habitat. If h --, oo, then the exterior is lethal. 
Following an argument similar to that used in Section 3, we see that the critical size of 
the patch is determined by the smallest value of ! which is capable of supporting a 
non-trivial solution of the following problem: 
f 
-Aw = w x E Ql 
aw 
~n +hw=O x~dQt. (15) 
The typical solution of problem (15) is 
w(x) = (a, cos x//cx, + a2 sin x//cx,)(a3 cos x/q - cx2 + a, sin ~/1 - cx2), 0 <<. c <.< 1. 
1 / 
Let xl = -5 '  2 '  then from boundary conditions we have 
{ ' a t (hcos~-x /~s in - -~)+a2(hs in~-~l+x/~cos -~)=O 
(h x/~l ~/'c sin v/cl at cos ~-a : (hs in  ~cos - -~)  0. (16) 
. "5 - -  -T  -+  -- 
A necessary and sufficient condition for problem (16) to have a non-trivial solution is that 
the coefficient determinant of the system vanishes. Thus we get 
therefore 
h--- oot  or h-- tan l'2 
If h ---- -v / ' c  cot ~--~, then problem (16) gives a~ =0,  and 
w(x) = a2 sin x/~ xt(a~ cos x/ l  - c x., + a, sin x/1 - c x~). 
This solution is not admissible since sin v/~ z changes its sign as = passes zero and so we 
must have 
,£'ct / -  
h = x/c tan 
2 
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A similar analysis applied to the faces 
1x21=; gives JFCI h = Jr, tan 2 
and so for compatibility we have 
1 
cc- 
2 
Thus 
I=2fiarctanfih+Kn, K=0,1,2 ,.... 
The critical size of the patch is therefore I*(h) = 2,/? arc tan $ h. 
5. THE BUDWORM WITH PREDATION 
According to Ludwig et al. [I 1, if there is interaction between the budworm and its 
predators, then the governing equation without spatial dependence can be scaled as follows 
I g =f (u) t>O u(0) = u, (17) 
where 
f(u)=+& R > 0, Q > 0. 
with R, the scaled foliage density and Q depending on the interaction between the 
budworm and its predators. As pointed out in Ludwig et al. [l], the number and location 
of the steady states depends on the parameters R and Q. If Q < 3& there is precisely 
one non-zero equilibrium density which is small and stable. If Q > 3& then there are 
two critical values of R, denoted by R,(Q) and R,(Q). If R < R,(Q), the situation is similar 
to that above. However for R,(Q) -c R c R,(Q), there are three non-zero equilibrium 
states, say U, c u2 c u,. The state U, is small and stable, u, is large and stable. u2 is an 
unstable threshold density. If R > R,(Q), then there is just one large and stable equilibrium 
state. In practice Q does not depend on the condition of the forest, Q zz 300. We 
confine ourselves to the value Q > 38. 
If there is diffusion in the problem, then equation (17) becomes 
au =Au +f(u), at 
u(x, 2) = 0, 
4x9 0) = &J(x), 
We first look for positive steady states u(x), 
Au +f(o) = 0, 
U= 0, 
or 
/.A6 +f(u’) = 0, 
u’ = 0, 
x~Q,,t >0 
XEBQ,,f 20
*cQ,. 
satisfying 
x a Q, 
XEJQ, 
(18) 
(19) 
(20) 
where 
x = I(, A = i and v’(c) = u(fx). 
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Fig. 1. R < R~. 
t 
~o~ 
/ 
L Ft . "  
U I 
Fig. 2. R<R. 
/ ' , 
U~ U 3 
Fig. 4. R<R<R,. 
-v  " Vrn 
O 
Fig. 3. R~ < R < R,. 
If ~ ~> 0, then 
Thus ! < v/'2n implies t~ = 0, and there is no non-trivial steady state, since f ' (0)  = 1, so 
by Remark 3.1 and an argument similar to that used in Section 3, we see that the critical 
size of the patch i s / *= ~,/~Tt. 
The interesting problem is to consider an outbreak. Let 
v~, -- max v (x) 
x~Q! 
depending on R and L It can be shown that vm -- v (0). 
If R < R, f (v )  has one root v -- uz, (see Fig. 1). Suppose vm > ul, then ;.A~ > 0, for 
---- 0. But this is impossible and so 0 < vm < ul. On the other hand, we know that 2 --* 0 
(or l--. oo), as vm--*u~ [see equation (21)]. The graph of 1 vs v~, is as shown in Fig. 2. 
We assume Rt < R < R,, thenf (v )  has three roots (see Fig. 3). We can show as before 
--* * v~* < ul. On the other thatO<v,~<utorv2<vm<u3.I fR-~Rt,  thenu~-~u~whilevmvm, 
hand vm depends on R and increases as R increases (see Appendix C), so we can define 
the value ~ = ~(Q)  such that ~ = sup(R/v~(R)< u t}. 
If R < ~, then 0 < v < ul. The graph of I vs vm is shown in Fig. 2. 
I f /~ < R < R,, then there are two possibilities. If 0 < vm < u~, the situation is the same 
as before. Assume us < v,, < u3. By using the same argument as that in Section 3, we get 
from equation (20) that 
G(~',~)f(f : (~'))d~d~. 
I 
Since v,--~(0),  we can write 
1 1 
IV=~.  - - . - - (11+~+I3)  
Vra 
where 
[ l=f~ G(~' ,0 ) f ( /~(~' ) )d~ d~2 
v(~) ~< u, 
f (V ) '  
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Fig. 5. R>R, .  
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t . lZ l  
i l l )  
I 
I 
0 u 3 
- -  Vm 
Fig. 6. R > R, but not very large. 
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. /  
U3 
Fig. 7. R ~, R,. 
12=ff~ G(~', 0)f(g(~')) d~ d~ 
eQI 
ul ~< v(~) ~< u2 
13=ff¢ G(~', 0)f(g(~')) d~ d~.  
u2 .< v(~) .< v= 
Since G(¢', 0) I> 0, we have Ii i> 0, I2 ~< 0. I3 I> 0 and so 2 may be negative. When v,, ---, u2, 
2Av(0) ~ 0 and so there exists the value ~ such that 
tl = inf{v=/2(v=) > 0}, u2 < t~ < Us. 
l 
We also know that 2--, 0, as vm-. u3. The graph of 1 =~-  is as shown in Fig. 4. 
If R > R r then f(v) has only one root v = u3 (see Fig. 5) and 0 < vm < us. The graph of 
l vs vm is as shown in Fig. 6. 
Now we conclude that: 
(i) if I < x/~2n then no positive steady density exists. 
(ii) if l > ~/_2n, 0 < R < ~, a low endemic steady state exists. 
(iii) i f />  ~)/2n. • < R < R,, then only the low endemic state is possible for I < i(0) 
and any of the three steady states may be maintained for l > l (°). 
(iv) if I > x~n,  R > R,, then I < l(1) implies that only low endemic refuge exists. 
If l > i(2) then only the outbreak state could be maintained. If l ") < l < la), 
then all three states exist. 
(v) As R grows larger, only an outbreak is possible. (See Fig. 7.) 
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Furthermore we can estimate vm from fixed values of I and R. Put 
H(s) = F(s) - F(z)'  
and 
and so 
• = Ivvl + 2F(v) 
Let 
which on integrating ives 
Let 
and 
[vvl 2 + 2F(v) ~< 2F(vm). 
du 
then -~p ~< Ivol < ~/2(F(v,.) - F(v)) 
dr) 
f ("  ~/e(v. .)  - F(v) 
H(u~')=t, 0< u~' <u,  
H(uT)  = H(uD = l, u2 < ug <~ ug < u3 
then v.. < u~ implies v., ~< u~' and u2 < v,. < u3 implies u7 ~< vm ~< u~'. 
We consider the asymptotic stability for the budworm density. Let 
solution of problem (1) with Wo(X)= u0(x), then 
f 
'Ou u' u 2 Ow 
Ti -au -u= ~ R(1-~u~)<<'O=~ -Aw-w'  
u(x, t) = w(x, t) 
. Uo(X) = Wo(X), 
If I < x/~rr, then by Proposition At, for all x E Qi. 
lim u(x, t) = O. 
If however 1 > V/'2n, by Appendix D we conclude as follows. 
Case 1. R < ~, for all uo(x) 
Case 2. ~ < R < R,, there 
u(x,t)-*vO~(x), as t~.  
(2A) If 1.< I t°~, then for all 
(21) 
w(x, t) be the 
x~Qt,  t>o  
x ~OQt, t >1o 
x EQI. 
are three possibilities 
Uo(X) 
u(x,t)--,v"~(x), as  t ---~ oo. 
(2B) If 1 > 1 (°), and Uo(X) < v(2)(x) (or uo(x) ~ w(x), wm= max w(x) ~ v~)), then 
xEQI 
u(x,t)~v(t)(x), as t~.  
(2C) If 1 > 1 ~°), and uo(x) > v~2~(x) (or Uo(X) >t w(x), wm> v~ ~) then 
u(x,t)~v°)(x) ,  as t--*~. 
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Case 3. R > R, but R not very large. There are three possibilities. 
(3A) If I < l(l) then for all uo(x) 
u(x,t)--*v")(x), as t~oo .  
(3B) If l °) < / < /% then the situation is similar to the Case (2B). 
(3C) I f />  l (2), then for all Uo(X) 
.(x,t)~v°)(x), as t - - ,~ .  
Case 4. R is very large, then for any Uo(X) 
u(x,t)--.v(3)(x), as t - - .oo .  
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6. CONSTRUCTION OF AN OUTBREAK BARRIER 
Ludwig et al. [2] considered the possibility of containing an outbreak in one dimension 
by an infinite strip barrier to prevent it spreading to another area which might be 
comparatively free of budworms. In this paper, a barrier is defined in two-dimensional 
space as a region with R = R,. < R,, where R, in the surrounding forest. Let a > 0, b > 0, 
l = b -a  > 0 and define (see Fig. 8) 
xls<lx, l< 5, Ix l< 
n,3)_- x/ix, l>5,1x21> . 
Let w = Ru, then the scaled equation governing the budworm density is 
"OW 
~-- -Aw+g, (w) ,  xs f l " )U fP ,  t>O 
Ow 
-~--~w+g~(w),  xs~ (~), t>O 
w and Ow/On are continuous, x s fP ,  t I> 0 
w(x, O) = Wo(X), x ~ •2 (22) 
X 2 
2 
-g 
2 
~( I  ) 
@ 
~(3 ) 
O 
x 1 
Fig. 8. A barrier. 
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where 
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W 2 W 2 W 2 W 2 
ge(w) = w g~(w) = w 
QRe R:, + w"  QR~ R" + w'-" 
Let w,t ~< w,2 ~ we3 be the roots ofge(w). The roots ofg,.(w) are similarly defined when they 
exist. 
As the purpose of a barrier is to prevent an outbreak in one part of the forest spreading 
to another part, we confine our attention to the case 
Rt < Re < R,. (23) 
We take ~'-) to be an effective barrier. The solution w(x, t) with initial values satisfying 
is such that 
w(x, O) = Wo(X) <. (we3,  x etch" 
~wel ,  x Clot') (24) 
w(x,t)<<.wel, x~.f~ 3', t>0.  
Our goal is to find the smallest width of an effective barrier. Our main tool is still the 
comparison principle. We shall show that this problem has a non-trivial solution 
only if 
R~ < R < Re < R,. (25) 
If R~ < Re </~, we put I = 0, i.e. no barrier is set. We shall show that in this case, an 
outbreak does not cross 0fl ~). In order to see this, we define the function O(x) as follows 
At~ + ge(t~) = 0, x ~ f~<3~ 
= We3 , X ¢ ~"~(3). 
We have 
A6 + g,(~) = O, x ¢ 0fl (3~ 
6(x) is continuous and O6/an jumps from zero to a negative value on passing from f2 (2~ 
into fl(3). Thus t~(x) is a supersolution i the terminology of Appendix D. If w(x,t) satisfies 
(6.1) with I = 0 and w(x, O) = 6(x), then w(x, t) decreases to w,l as t ~ c~. Hence ifR~ </~ 
then no outbreak will spread even without a barrier. 
We show that there can not be an effective barrier if/~ < R~ < R, ~< R,. Assume R~ > J~, 
then g~(w) has three positive roots. We define a function w(x, t) satisfying 
I -~=Aw+g~(w) ,  ~w fora l l  x and t>0 
L w(x,O) = Wo(X), for all x 
where 
Of course 
Aw0 + gi(wo) = O, x ~ f2 "> 
Wo(X) = wi~ x ¢ ~('>. 
max w0 ~< w,~. 
xl~4(I) 
Since ul(R, Q) and u3(R, Q) are increasing functions of R for fixed Q, it follows that 
wil = Riul(Ri, Q) < R, ut(R ,, Q) = wel 
similarly 
Wi3 ~ We3. 
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Therefore w (x, t) satisfies cond i t ion  (24). By an argument  s imi lar to that o f  the preceding 
paragraph,  we know that for all x, _w(x, t) increases to w,3 as t ~ ~.  Let w(x,t )  be the 
so lut ion of  (22) with w(x, O) = w_o(x ). Since g,(w) <<, g,(w), it fol lows that 
w(x, t) <~ w(x, t) 
thus 
lira w(x, t) >! w~3. 
Since wa >. wa >1 w,: >1 w,t , we obta in  
l im w(x, t) >>, w,l . 
Thus  no effective barr ier  can be const ructed in this case. 
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APPENDIX  A 
Let f~ be an open single-connected domain in R z with smooth boundary dfL fi = t') + dt). q(x. t) and ~(x, t) 
are bounded continuous functions, and $(n) is a smooth function of n. 
Proposition At 
If 
then 
f'dq . .0n  dn -d ,~-  4,(n) 
JN-an-a'  . .< 
| , t (x,  t) ,< rt(x. t), 
/ 
l. rt(x, O) ~< rt(x, 0), 
-~ -an xEfl, t>0 
x~d~,  t~>0 
x~i' l  
q(x,t)<~71(x,t) x~,  t>~O. 
This comparison princple can be proved, as in Aronson and Weinberger [5]. 
By using Proposition A~ and the technique similar to that used in Appendix A of Ludwig et al. [2], we can 
prove the following result. 
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Proposition A, 
If f l=  Qi, I > x/~n, 
then 
~o(X)>~O, ~o(x)~O and 
q =O, x Edfl,  r >~O 
(x, O) = ~o (x), x ~ f~ 
l imq(x , t ) - -q (x ) ,  x~t ' l  
where q(x) is the positive steady solution of the same equation. 
APPENDIX B 
Let B be a Banach space with null element O, and D is an open subset of B. L is a compact operator on D 
into B and LO --O. We consider the following operator equation: 
Lc = 2v. 
We say that 20 is a bifurcation point from trivial solution to non-trivial solution if and only if in any sufficiently 
small neighbourhood of (20, 0) E (R, B) there exist non-trivial solutions. 
Proposition B I 
If 2 o is a bifurcation point from trivial solution to nontrivial solutions then A 0 ~ o(L'(O)), where o(L'(O)) is 
the spectrum of L', the Frechet derivative of L. 
The proof can be found in Krasnoselskii [6]. 
Proposition B 2 
If the following conditions are satisfied: 
(i) on some open neighbourhood of 0, L is twice differentiable with 
IIL"(v)ll ~< N < 
and 
(ii) 20 is a simple real eigenvalue of L'(O), 
then for some t > 0, there are non-trivial continuous one-parameter functions z(c) and 6(c), tc] ~< t, for which 
I 
v(c) = c(wo + z(c))  
L(v(c)  ) = (20 + 6(c) )v(c) 
z(c) E Range(20 - L'(0)) 
z(c)  = O(c), 6(c)  = O(c ) 
where w 0 is the corresponding normalized eigenfunction. 
The proof of Proposition B~ can be found in Atkinson [7]. 
APPENDIX C 
Let 
i. 2 U 2 
fs(u) = v Q R(l +e:) 
and v~(x, t) be the solution of the problem 
~t - -AvR-- fR(v~)=O' x~f l ,  t >0 
v~=O, x~f2 ,  t>~O. 
I fR :>R 1 , then  
t R,. _ _  _ a t ,  R ' _ f ,~ ,  (vs , ) .  dt Av~'--fs'(vR:) =f~'(vR')-- fs '(v~*)~ R,(I ~-c'~:---------~ R:(l +e~,) ~>0= ~t 
By Proposition AI, we have for all x ~t~, t ~0 
va,(x, t) ~< r~:(x, t). 
Spatial effects in a budworm-balsam fir ecosystem odel 1131 
APPENDIX  D 
We consider the following problem: 
" 0u 
-~=Au+f(u) ,  x~Qi, 
u(x, t) = O, x ~ ~Q, 
u(x, O) = Uo(X), x ~ QI 
where 
t>0 
U 2 U 2 
f(u)=u Q R( l+u2)  ' R>J~.  
f ay +f(v)=O,  x¢Qt  v = o, x ~ OQ~. 
The corresponding steady problem is 
(D.t) 
(D.2) 
I(m) 
~#" = {~II x, I = T '  o r  
We suppose that the normal derivative outside 
The maxima of the solutions v (") are denoted by ,,o) _< .(2) v~). ~., .~~., ~< Let ~(x) be a continuous function defined 
on ~t and twice continuously differentiable except at a finite set {O~'  . . . . .  0i"~ j }. where 
I (~) 
Ix, l=T ,  0<l( - )<1},  l<~m<~k. 
and the normal derivative inside 
exist (see Fig. DI). 
On + 
We say that ~(x) is a supersolution of problem (D.2) if and only if 
(i) --A~ - - f (~)  ~)0, if Ox~'Ox~ exist 
( i i )~n]+-~n _g0 '  x¢O~l  "~), l <~mgk,  
(ii i)~t>0, xedQt.  
Similarly, we define ~(x) as a subsolution of problem (D.I) if and only if 
Oz~ 02~ 
( i ) -Av - f (~)~O,  if dx~'dx~ exist 
( i i i )  ~ ~< O, x ~ OQI. 
By the technique similar to that used in Appendix B of Ludwig et al. [2] we establish the following results. 
Proposition DI 
Let ~(x) be a supersolution and let u(x, t) be a solution of problem (D.I) with uo(x ) -- [(x), then for all x ¢ Q~, 
u(x, t) is a non-increasing function of t. If moreover u(x, t) is bounded from below, then 
lim u(x, t) -~ v(x) 
where v(x) is the largest solution of problem (D.2) for which v(x)<~ [(x). 
Proposition Dz 
Let ~(x) be a subsolution and let u(x, t) be a solution of problem (D. 1) with u 0 (x) ,= v (x), then for all x ¢ Qt, 
u(s, t) is a non-decreasing function of t. If moreover u(x, t) is bounded from above, then 
lira u(x, t) = v(x) 
where v(x) is the smallest solution of problem (D.2) for which v(x) ~ v(x). It is clear that a different region Qi 
gives a different solution of problem (D.2) with a different maximum- 
/~t = max v(x ) = v(O). 
.-olQt 
So for fixed R, I and v(x) are the functions of/~, denoted by v(~)(x) and I(~L We put 
d~)(x)-O, for x~Q~(~). 
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Proposition D, 
Let u(x. t) be a solution of problem (D.l) and 
0 < t+,(x) < I’m’, x E Q, 
where )I < ~2) and I@ > 0, then 
lim u(x, t) = d”(x). for x e Q,. 
t-m 
Proposition D4 
Let u(x. I) be a solution of problem (D.l) and 
L’(P)(X) d UJX) <k, x l Q, 
where k is any positive constant and v’,” < p c 0:‘. then 
fiy u(x, 1) = v(‘)(x), for x o Q,. 
Besides if 0 <u,,(x) < v(*~(x), then u(x, t)-d~(x). If u,,(x) > v’*)(x), then U(X, t)-&(x). 
APPENDIX E 
Let Cl be a domain as in Appendix A. We consider the eigenvalue problem 
1 
-Au + VW .Vu = k(w)u, x ED 
u =o, xeack 
The smallest eipnvalue is denoted by A,(w). 
Proposition E, 
If 
then 
I,(O)+?, Cl,(w)<l,(O)+y*. 
In particular if y = y, = y2, then i,(w) = 1, (0) + 7. 
Proposition E, 
If 
I 
w = -2log$, XCR 
A$ -y$ 10, Xefl 
then 
- ;A$ + flVtj I* = y. 
We consider the following problems: 
I 
-Au +Vw*Vu =i(w,h)u, xoR 
$ + hu = 0. xeaf2 
and 
I 
-Au = r(a)v, XESl 
av 
G +av =o, xean. 
Let i., (w. h) and u,(u) be the smallest eigenvalues of problems (E.2) and (E.3), respectively. 
Proposition E, 
If 
I 
?I < -iAw + $VW~* d y2, for x on 
c=h+f$O. a io, for xoBR 
then 
r,(a)+7,dI,(w,h)g~,(o)+72. 
Propositions E,-E, can be found in Murray and Sperb[4]. 
@.I) 
(E.2) 
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